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ANEW CLASS OF ¥'-SPACES

BY
J.BOURGAIN

ABSTRACT

It is shown that the class of separable £'-spaces with the Radon-Nikodym
property only admits L' as universal element.

1. Introduction

A Z'-space is a Banach space whose local structure is like I'. More precisely,
we say that X is a &)-space (A = 1) provided any finite dimensional subspace E
of X is contained in a finite dimensional subspace F of X which satisfies
d(F,1'(n))= A, where n =dimF and d means the Banach-Mazur distance.

It is well-known that a complemented subspace of an L'(u)-space is a
&'-space. An important open question is whether or not these spaces are also
isomorphic to L'-spaces. The answer is affirmative in case of a norm-1 projection
(see [18]) or if the given subspace has the Radon-Nikodym property (see [8]).
Conversely, it is untrue that #'-spaces are always isomorphic to complemented
subspaces of an L’'-space. Recently, joint work of W. B. Johnson and J.
Lindenstrauss (see [12]) led to a class of ¥'-spaces which are Schur,
Radon-Nikodym and don’t embed in a separable dual space. At the same time,
they solve positively the problem on the existence of a continuum number of
mutually non-isomorphic separable £'-spaces. If & is a class of Banach spaces,
we say that the space B is universal for # provided any member of ¥ is
isomorphic to a subspace of B. In this paper, the existence is shown of a family #
of separable £'-spaces satisfying the Radon-Nikodym property, such that any
separable Banach space universal for # contains a copy of L'[0, 1]. This leads to
an extension of some earlier work on £”-spaces for 1 <p < and solves a
question raised by A. Pelczynski (cf. [6]).
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2. A construction technique for £ -spaces

In this section, we use the notation L’ to denote a separable L '(u )-space. Our
starting point is a simple and rather general way of constructing £'-spaces
starting from certain operators on L'. More precisely, we will prove the
following

THEOREM 1. Assume T:L'— L' an operator and E a subspace of L' on
which T is the identity, i.e. T(f)= f for each f € E. Then

(@) If T does not fix an L'-copy, then E can be embedded in a &'-space not
containing L'. We recall that an operator is L'-fixing provided it is an isomorphism
when restricted to a subspace isomorphic to L'.

(b) Let T be such that whenever S : L'(u)— L' is an operator, the representabil -
ity of (I — T)S implies the representability of S. Then E can be embedded in a
£'-space with the Radon—-Nikodym property.

Proor. Fixing p > 1, one can find a sequence of subspaces U, of L' satisfying
the following conditions:

(1) Each U is finite dimensional, let us say d; = dim U,

) d(U, I'dim U))<p,

3) U CU.y,

@) T(U)CUiw,

(5) UL, U is dense in L,

(6) U_i(ENU) is dense in E.
That this can be done is straightforward and we let the reader check the details.

In what follows, € will denote the direct sum in ['-sense. Define

%=L‘@@Ui

and let P:¥—L' and P,:¥ — U, be the natural projections. We further
introduce for each j the space

i
Z=UeodU

which embeds in & in a natural way.
For fixed j, let I : &; — & be the operator defined as follows:
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[ PIL(x)=TP(x),
PL(x)=P(x) fori=1,---}j

Pali(x) = P(x)— TP(x)— Y, Pi(x),

| PL(x)=0 for i >j+1,
which makes sense by conditions (3) and (4) on the spaces U.. Notice that
(*) P(x)=(P+Z:P)(x)

for all x € Z;
Since the inequalities

slx =1Ll =2+ Tl

are clearly satisfied, we see that I, is an isomorphism on its range B;.
More precisely, we have

d(B, %)=4(1+]Tl)
and thus
d(B, I'(d)=4p(1+|T|).
Our next claim is that B; is a subspace of B,... Let indeed x € &; and define y
by
[ P(y)=P(x),

R()’)=P.(X) for i=1""»j,

]
Paly) = P(x)— TP(x)— ;, Pi(x),

| P(y)=0 for i >j+1,

which is a member of Z.,. A simple verification shows that I.(y) = I;(x). This
shows that B; C B;...

Let B = U, B, L' embeds in Z by identification with the first coordinate. By
hypothesis on T, one has that I;(x) = x wheneverx EEN U, —>%,. Thus EN U,
is a subspace of B; and we conclude that E is a subspace of B.

We show that L' does not embed in B if T does not fix an L'-copy. As a
consequence of (¥), we get
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(#*) P(x)=T(P+ZR>(x) forallx €EB
leading to the following scheme:
Be ' g PHIP, L
],
% T
L

2@:”

If B contains an L '-subspace, one of the operators (B; Pie I, P oI has to fix a copy
of L' (see [9]). Since D P.o I ranges in ; U: which is isomorphic to !' and P oI
factors over T, T will fix an L'-space. This proves (a) of the Theorem.

In order to show (b) we rewrite (**) in the form

(3x%) (I-T)P(x)= T(E R)(x) forallx €B

which gives the diagram
Be =
] EE
Ll

@.,/\ |

L'——— L'

Suppose now S:L'(w)— B is a non-representable operator. Since S =
PS ®(D: P)S and P, P.ranges in [', it follows that PS will be non-representable.
But, under hypothesis (b) of the theorem, this implies the non-representability of
the operator (I — T)PS factoring through I', a contradiction.

So the proof of Theorem 1 is complete.

Theorem 1 will be applied to certain spaces E and operators T which will be
described in the next two sections.

3. Treespaces

Our aim is to recall briefly the definition and basic properties of certain
subspaces of L? (1= p =) which were introduced and discussed in [6].
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N will be the set of natural numbers 1,2,3, - - -. Denote by R the set of finite
complexes of integers, thus R = U, _,N*. For ¢ € @R, |c| is the length of c. If
CE R, d €ER, we write ¢ <d provided d starts with ¢. This leads to a partial
order on R. Let us call a branch-set any subset of & whose members are
mutually comparable.

A tree T (on N) is a subset of & with the property that a predecessor of a
member of T is still a member of 7. We say that a tree T is well-founded
provided there is no sequence ny, n,, - - -, N, - - - such that (n,, n,, - - -, ) € T for
each k. If T is well-founded, denote o T)] the (countable) ordinal of T. For the
definition of o T], the reader may consult [7] or also [6].

We define G as the product group {1, — 1}* equipped with its Haar-measure
m, which is simply the product measure @.cam., where m.(1)=3= m.(—1) for
each ¢ €R. Obviously G can be identified with the Cantor group. The
characters of G are the Walsh functions w, = II.csr. where S is any finite subset
of R and the c-Rademacker function r. is defined by r.(x) = x..

Our next goal is to define the translation-invariant subspaces X% of L*(G) for

l=p=ow.

DEerFINITION. For 1=p =wand T atree on N, take X% the closed linear span
in L*(G) of the Walsh-functions ws where S is a branch-set and S CT.

We will now summarize the basic properties of these spaces X%, which are
established in [6].

THEOREM 2. (1) Assume T well-founded, then

(a) The spaces Xt have the Radon-Nikodym property.

(b) For 1<p <o, the spaces X% don’t contain L?[0, 1] isomorphically.

(c) The spaces X7 have both the Radon-Nikodym property and the Schur
property.

(2) If 1=p < (resp. p =) and B is a separable Banach space which is
universal for the family {X%; T well-founded tree}, then L*(0, 1] (resp. C[0, 1])
embeds in B.

(3) For fixed 1<p <, the spaces X% are uniformly complemented in L*(G)
by the orthogonal projection and consequently either Hilbert-spaces or ¥* -spaces

(cf. [16)).

(3) does not hold anymore for p = 1. More precisely, if T is non-finite, then
the spaces X rare uncomplemented in L'(G) and they are never ¥ '-spaces. Our
aim is to show however that
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THEOREM 3. For T well-founded, the space X is a subspace of a £'-space
with the Radon-Nikodym property.

In view of Theorem 2, this leads to the following result:

COROLLARY 4. Any separable Banach space which is universal for the class of
separable Radon-Nikodym ¥£'-spaces contains a copy of L'. In particular, the
latter class of spaces has no universal element.

The construction of these envelopping £'-spaces will be done by using the
result presented in the second section of this paper. More precisely, we will
prove the following

PrROPOSITION 5. For any well-founded tree T, there is an operator on L'(G)
which is the identity on X and satisfies condition (b) of Theorem 2.

From this fact and Theorem 2, Theorem 3 follows.

4. Construction of certain measures on G

Denote by C(G) the space of continuous functions on G. If u is a measure on
G and S a finite subset of &, the S-Fourier coefficient ;i (S) of n is given by
A (S) = [owsdp.

If u and v are two measures on G, the convolution u *v is defined by
(1 *v)(f) = J f(x. y)u (dx)v(dy) for f € C(G).

For a subset S of &, &s will denote the conditional expectation with respect to
the sub-co-algebra generated by the Rademacker functions (r.)ces.

If 1 is a measure on G and S a subset of &, we say that u is S-dependent
provided u =y o &s.

For S a subset of &, take § ={c € R;c <d for some d € S}. For conveni-
ence, we introduce the “empty complex” (cf. [7]), denoted by the symbol &.
Define R* = R U{J}.

If c ER, let ¢’ E R* be the immediate predecessor of c.

A weightfunction will be a function 7 on & * ranging in the open interval ]0, 1
such that K, =Il.ea-27(c) "' — 1) <co.

If T is a weightfunction, take [7;J] =1 and [7;S]=ILkes7(c’), if S is a
nonempty finite subset of R.

The next lemma is needed for a later purpose.
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LEMMA 6. Let r be a weightfunction, ¢ >0 and define
¥. ={S CR; Sfiniteand [7;S] > ¢}.

Assume further (S.) a sequence of disjoint finite subsets of R so that for each k one
canfind S €E F. with SN S, # D foreach | = 1, - - -, k. Then there exists a sequence
(n:) of integers such that (ni,- -+, n)€ U, S, for each j.

PrOOF. Let us first remark that for fixed ¢ € R* we find [7; S] = 7(c)™ for
each S CR, where M ={n €N; (c,n) <d for some d € S}.

Since 7(c) < 1, this implies that | M | is uniformly bounded for S ranging in ..

Since the S, are finite sets, one can pick elements ¢, € Sk such that for all k
there is some S € &, with {c;, ¢z, -+, c}CS. It is now possible to construct a
sequence of integers (n;), so that for each j the set {k; (n,, - - -, n,) <c.}is infinite.
We indicate briefly the inductive procedure. Suppose ny, - - -, n; were obtained.
By hypothesis, any finite subset of the set {(n,---, n,n); n& N}, where
N={n€EN; (n,, -, n,n)<c. for some k}, is contained in S for some S € &..
By the first observation we made, we conclude that N is finite. This allows us to
choose n;.; so that {k;(n,, -+, n, n.) <c} is again infinite.

Clearly, for each j, (ny, na, - -, m) € S. for some k and this ends the proof.

The main objective of this section is to prove the following result.

PROPOSITION 7. Let 7 be a weightfunction. Then there exists a measure u on G
satisfying the following properties:

M =K.

(2) 4(S)=1if S is a branch set.

(3) If S is a finite subset of R and fE€ C(G) is (R\S)-dependent then
[ ws (e)f () (dx )| = K [75 ST [l

ProOOF. For c € R*, let
*={dER*;c<d} and R ={dER;c<d}.

We let 8 be the Dirac-measure on G and 8. the Dirac-measure on the c-factor
{1, — 1} in the product G.
If for fixed ¢ € R, we define the measure v. on G by

Ve = T(C’)S +(1- T(Cl))(dga e ®de§9‘ 84)

then clearly

@ ll»|=1
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5) 2.(S)=1if cZS and ».(S)=7(c") if c €S.

6) If S is a finite subset of & and f € C(G) is (R\S)-dependent, then
| S ws(x)f (x)ve (dx)] = 2 (S)]f |-

Let v be the measure on G obtained by convolution of the v, thus

v= ¥ v.
ceR

As an easy verification shows, the following holds:

@ |vl=1.

® 2(8)=[r;S].

(9) If S is a finite subset of & and f € C(G) is (%\S)-dependent, then
[J ws(x)f (x)w(dx)| = [7; S]||f .

Next, consider for fixed ¢ € &* the following measure 7. on G:

ne=re) "8+ (-1 ) @ me @ &)
dER, dER\R,

satisfying

(10) [ [|=27(c)" - 1.

(1) #(S)=1if R.NS =T and %.(S)=7(c)" if R.NSED.

Since 7 is a weightfunction, we can define the convolution 5 of the 7., thus

n= ¥ n
cER*

for which

(12) =K.

Finally, take u = v * . Then clearly || ||Z|v|n (= K.

In order to verify (2), let S be a finite branch set. Then & (S)= ¢(S).%(S)=
[7;S].TI{r(c)";c € R* with R. N S# D} =[71;S].Il.es7(c’) " = 1, as required.

Let us check (3). So take S a finite subset of # and an (%\S)-dependent
function f € C(G). We have

| Wt om@x) = [ wetx. e y)viaxm(ay)

and thus

|| wewrem@|= [ | [ we@re. v iy

=lnlr;S] Sl;pllfy -

=K. [7; S]If ]l

completing the proof.
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5. Non-representable operators ranging in L '-product spaces

Our purpose is to present here some technical ingredients needed for the next
section.

The following result is essentially known, but we include its proof here for
selfcontainedness.

LEMMA 8. Let u,v be probability spaces and S:L'(u)—L'(v) a non-
representable operator. Then there exist a bounded convex subset C of L'(v) and
p >0 such that the following holds whenever T : L'(v)— B is an operator with TS
representable: If f€ C and 6 >0, then there exists some g €EC so that
IT(f—g)ll<8 and falg|dv = p for some v-measurable set A with v(A)<8.

Proor. If S is not representable, then one can find a u-measurable set €}
with u(2)>0 and p >0 such that for any ) C€), p(Q2")>0 and & >0, there
exists Q" CLY, w (") >0 with [, | S(Y")| dv > pu (") for some A with v(A) <
(cf. [8]). If now €, -+, €, are subsets of ) with positive measure and & >0,
there exist subsets ); CQ; (1 =i = d) of positive measure satisfying the follow-
ing condition:

There exists a set A with »(A)< 8 such that

L lz aS()

for all scalars a,, - - -, da.

dv épzi | a: | pe (€2)

The proof of the latter fact is clementary and left as an exercise to the reader.
We show that

C={S(¢);¢ EL:(Q),[ @du =1}

satisfies the condition of the lemma.

So fix f=S(¢), e ELL(Q), f@du =1 and & >0.

Using the representability of the operator TS, it is possible to find a partition
0, ---, Q4 of © and scalars a,, - - -, a4, such that

@) TS/ () — TS/ ()]| < 7, whenever V' CQ,, w(QY)>0,

(i) e —Siaxali<m

(iii) Ziap (k) =1,
where 7 = 8/(1+ || TS|)).

By the previous observation, one can obtain subsets {};C{); (1=i=d) of
positive measure and a set A with v(A)<§, so that
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(Q,) £C) 5| av = p2 am (@) =p.

Take

and g = S(¢), belonging to C. Thus [ [g{dv Zp and
IT¢ - =lTS(e)-TSW)I

=7|| TS|+ 2 a; TS(Q,-)—#M(%)E) TS(Q;)”
<@ +|TShr,

completing the proof.

COROLLARY 9. Under the hypothesis of Lemma 8, one can find C C L'(v) and
p >0 such that whenever T : L'(v)— L'(v) is an operator with TS representable,
fE C and 8 >0, there exists g € C satisfying ||f —gll>p, |/ (f— g)dv| <8 and

IT¢ -8l <s.

Assume now (€, v )iep a family of probability spaces and consider the
product space (Q, v) = (1L, ®: v). For E CD, denote &g the corresponding
conditional expectation. We claim the following

LemMA 10. If S:L'(u)— L'(v) is non-representable, then D has a finite
subset E so that (I — €p\e). S is non-representable too.

ProOF. Let C CL'(v)and p >0 be as in the preceding corollary. Assume the
above statement wrong. Successive applications of (8) allow us then to construct
a sequence (fi) in C and an increasing sequence (E.) of finite subsets of D in
such a way that

M) lfe = Ealfedlh <27

@) lIfc = fenalli>p,

@) |J(fe — fer)dv| <27,

@) ¢ = fir) = Bpim [ — fenl <27
Take then ¢, = €g[fi] and @« = €55, [fc — fi-1] for k >1. By (1) and (4), we
find that ||fi — fc-i — o« | <8.27% Consequently, by (2), ¢« l:>p —8.27% and,
by (3), | feudv|<10.27
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Consider now the sequence . = ¢« — f oxdy, which consists of independent
mean-zero functions. Since (¢ ) is an unconditional basic sequence in L'(v), (¢)
is also boundedly complete (cf. [18]). But ||yn ||= p — 18.27* and on the other
hand

2

a contradiction.
Repeating applications of Lemma 10 leads to the next

=20fli+8 2 27 <sup{lfl:f € CH+8,

8o
1 k=1

CoroLLARY 11.  Suppose moreover (S, v;) purely atomic for each i € D.
Then, under the hypothesis of Lemma 9, there is a sequence (E.) of disjoint finite
subsets of D, so that for all k the operator IT;_, (I — € p\s)° S is not representable.

6. Application to certain operators on L'(G)

Referring to section 4, let T be a fixed weightfunction and let u be the
measure on G constructed in Proposition 7. Consider the operator A on L(G)
obtained by w-convolution, i.e.

AQ@) = [ fex. v ).

The following is easily derived from Proposition 7.

ProposiTioN 12. (1) [Al|=K..

(2) A(ws)=ws if S is a branch.

(3) IfSis a finite subset of R and f € L'(G) is S'-dependent, where S N S' = &,
then A(w.®f)=ws®f for some S'-dependent function f in L(G) satisfying
7= K.[7; ST .

For any well-founded tree T on N, define the operator At on L'(G) by
Ar=%r°A=Ac¥r

It is clear from Proposition 12 (2) that Ar is the identity on X7. In order to
prove Proposition 5 and hence conclude the proof of the result stated in the
abstract, it remains to establish the following fact:

ProrosiTioN 13. If T:L'(A)— L'(G) is a non-representable operator, then
(I — A1)l is also non-representable, for any well-founded tree T.
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Since G ={1, —1}*, application of Corollary 11 yields a sequence (Si) of
disjoint finite subsets of R, so that for all k the operator ®, °I' is non-
representable, where ®,. =IIi_, (I — € as)-

Assume (I — A7)eT representable and take ¢ = 1/2K.. Then

LemMMA 14. For each k, there is some S € &, such that SCT and S NS, # J
foreach 1=1,--- k.

Once this is obtained, we may apply Lemma 6, taking the sequence (S« N T)
into account. This leads to a sequence (n;) of integers with (ny, na, - - -, n,) € T for
each j, contradicting the assumption that T was well-founded. So it remains to
prove the above lemma.

Proor oF LEMMA 14. Fix k, consider the set
- k
F={SCT;SCc U S andSNS,#Bforeachl=1,---,k}
=1

and denote its cardinality by r.

Since ®. I’ is non-representable and, by hypothesis, ®o(I—Ar)el'=
(I — Ar)o®, T is representable, the operators Ar @, I' and hence é; @i I' are
non-representable. Therefore, there exists some ¢ € L'(A) satisfying

|%:®.L(e)[=1 and [|(J — Ar)®.T(p)|<1/3r.

Define f = & ®.I'(¢), which is clearly of the following form:

f= 2 ws ®fs

SeF

where each fs is (T\ U\ S))-dependent.

Moreover, by construction, ||f|| =1 and ||(I — A)f|| < 1/3r. By Proposition 12
(3), we see that A(ws ®fs) = ws ® fs for some (T\U;-, S,)-dependent function
fs in L'(G) satistying ||fs | = K.[r; S]lifs |.. Thus

A(f)=s§9Ws®f_s and f-A(f)=s§yWs®(fs—f_s)-
For each S € %, we have

13r >|f - AOhzlfs - fslhzWfs =1 fsh 2 Q- K. [r; SDIfs
and hence for S € #\¥,, by the choice of &, ||fs [ <2/3r.
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Suppose F N, = . Then it would follow that

1=|fl= 2, Mfslh<2|ZF/3r,
SEF

a contradiction. Consequently, ¥ N ¥, # J, completing the proof.

7. Remarks and problems

(1) One can show that the operators Ay for T well-founded do not fix an
L'-copy and hence also satisfy condition (a) of Theorem 1. The proof of this fact
is essentially contained in [4].

(2) As far as we know the #'-spaces constructed here are also the first
examples of non-Schur £'-spaces which do not contain a copy of L'.

(3) Related to this work and also [12] is the following question:

Does the class of separable Schur &£'-spaces admit an universal element? And
its weaker version:

Does there exist a separable Banach space not containing L' which is
universal for the latter class of spaces?
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